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We have theoretically investigated two-dimensional vibrational spectra for a two-mode system in terms of a dia-
grammatic approach.  The two vibrational modes are anharmonically coupled.  The perturbed stationary states are ob-
tained by treating the cubic anharmonicity as a perturbation, and expressions for the third order response functions are de-
rived.  A physical origin of cross peaks in the spectrum is discussed.  It is found that the vibrational dephasing time as well
as the anharmonicity is important for the appearance of cross peaks.

 

The development of optical two-dimensional (2D) spectros-
copy is one of the major topics in the field of the current ul-
trafast laser spectroscopy.

 

1–22

 

 Optical 2D spectroscopy is an op-
tical analogue of the 2D magnetic resonance technique, which
permits the resolution of congested spectra by spreading them
out into the frequency dimensions.  In principle, the basic idea
of 2D NMR

 

23

 

 can be applied to any quantum-mechanical two-
level system, such as vibrational and electronic states.  For this
decade, 2D vibrational and electronic spectroscopies have been
developed theoretically and experimentally.  These techniques
are expected to be capable of providing novel information in
condensed phases, such as a correlation among the states and
the dynamics in the states.

In this article we theoretically investigate the spectral pat-
tern of 2D vibrational spectroscopy in terms of a diagrammatic
approach.  From an analogy of 2D NMR technique, it is ex-
pected that a cross peak between two vibrational modes may be
observed if these two modes are correlated in some way.  If
there is no correlation between the modes, peaks will be ob-
served only along the diagonal line in the 2D spectrum. There-
fore, one basic question on vibrational 2D spectroscopy is what
kind of conditions are necessary for the observation of cross
peaks, and how large are the intensities of the cross peaks com-
pared to those of the peaks along the diagonal line.  Theoretical
investigations have been made on the two-dimensional vibra-
tional spectra by Mukamel and coworkers,

 

6,7

 

 Tanimura and
Okumura,

 

12

 

 and Cho and coworkers.

 

15

 

 They have especially
studied the 2D spectra of the fifth (

 

x

 

(5)

 

) and the seventh (

 

x

 

(7)

 

) or-
der electronically off-resonant Raman spectroscopies.  They
have shown that cross peaks may result from either intermode
coupling via diagonal elements of polarizability or anharmonic
intermode coupling.

 

7,12

 

 In this work we investigated the 2D vi-
brational spectra by constructing perturbed stationary states
and treating fluctuation of the transition frequencies in terms of
stochastic theory.

 

22

 

During the course of this study Hochstrasser and coworkers

have reported the first 2D IR spectrum experimentally obtained
for peptides.

 

21

 

 The experiment which is explained in this work
is the same as theirs.

 

1. Two-Dimensional Vibrational Spectroscopy

 

Here, we consider three-pulse heterodyne-detected photon
echo experiments with IR short pulses.  The pulse scheme and
a schematic picture of the experiment are shown in Fig. 1.
These methods are an optical analogue of NOESY (nuclear
Overhauser effect spectroscopy) of the magnetic resonance
technique.  During the first time interval (

 

t

 

1

 

), the system is in
the coherent state, which is followed by the evolution period of
the diagonal state during 

 

T

 

.  The system is again changed to a
coherent state by the third excitation at 

 

t

 

1

 

 + 

 

T

 

.  The photon echo
signal results from an induced third-order nonlinear polariza-
tion and appears at the phase-matching direction, 

 

k

 

s

 

 = –

 

k

 

1

 

 + 

 

k

 

2

 

+ 

 

k

 

3

 

, where 

 

k

 

i

 

 is the wavevector of the 

 

i

 

-th pulse, and 

 

k

 

s

 

 the
wavevector of the photon echo signal.  A time profile of the
echo signal is detected by a gating pulse 

 

k

 

g

 

 at 

 

t

 

1

 

 + 

 

T

 

 + 

 

t

 

2

 

 in a het-
erodyne way.  The signal intensity is measured as a function of

 

t

 

1

 

 and 

 

t

 

2

 

 with a fixed value of 

 

T

 

.  By performing a double Fouri-
er transform with respect to 

 

t

 

1

 

 and 

 

t

 

2

 

, a 2D spectrum is con-
structed.

In this work, the time evolution of the system is discussed in
terms of the perturbed stationary states, which are solutions of
the time-independent Schrödinger equation by treating anhar-
monicity as a perturbation.  Optical transitions between the sta-
tionary states are considered, and the time dependence of the
diagonal and off-diagonal elements of the density matrix evalu-
ated.  This approach has often been used to solve static and dy-
namic problems in vibrational spectroscopy.

 

8,19,22,24,25

 

 Another
approach to trace the time evolution of the system is to solve
the Liouville equation for the density matrix whose basis set is
unperturbed states within the framework of the perturbation
theory.  In this case, the unperturbed states are for a harmonic
oscillator.  This type of approach has normally been used to
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solve various problems in magnetic resonance

 

26

 

 and optical
nonlinear spectroscopy.

 

27

 

We consider a model system with two vibrational modes
having close, but different, transition frequencies to see how
the vibrational correlation appears in the 2D spectrum.  Ac-
cordingly, it is assumed that the input optical pulse is spectrally
so broad that several vibrational levels are coherently excited.
Figure 1(c) shows a schematic picture of six quantum states
which should be taken into account in the case of 2D vibration-
al spectroscopy for a two-mode system.  Here, we have to pay
attention to a possible contribution of the 

 

ν

 

 = 2 state as well as
the 

 

ν

 

 = 0 and 

 

ν

 

 = 1 states.  If the anharmonicity is sufficiently
weak compared to the spectral width of the excitation pulse,
the interaction with the second or third pulse may create coher-
ence between the 

 

ν

 

 = 1 and 

 

ν

 

 = 2 states.  Here, we focus on the
frequency range around the fundamental transition; therefore,
the following eight transition frequencies must be considered:

 

ω

 

ba

 

, 

 

ω

 

ca

 

, 

 

ω

 

db

 

, 

 

ω

 

dc

 

, 

 

ω

 

eb

 

, 

 

ω

 

ec

 

, 

 

ω

 

fb

 

, and 

 

ω

 

fc

 

.

 

2. Calculation of Two-Dimensional Spectrum
2.1. A Diagrammatic Approach.    

 

Our approach to evalu-
ate the time evolution of the system is similar to the standard
method,

 

8,19,22,24,25

 

 in which we construct all possible quantum
pathways contributing to the third-order polarization and cal-
culate a response function for each quantum pathway.  Figure 2
shows all of the diagrams to be considered.   For simplicity, we
here restrict ourselves to a pulse sequence with all positive time
delays (

 

t

 

1

 

 > 0, 

 

T

 

 > 0, 

 

t

 

2

 

 >0).  The time evolution of the density
matrix is illustrated in terms of the Lee–Albrecht ladder
diagram

 

28

 

 in each diagram, where the solid and broken lines
correspond to the action of the electromagnetic field to the bra
and ket states, respectively.  All of the diagrams survive the ro-
tating wave approximation, since the bandwidth of the pulses is
assumed to be much smaller than their center frequency.  It is
interesting to see that, even during the second time period 

 

T

 

,
the system is in a coherent state, as shown in, for example, dia-
gram (7) or (8) in Fig. 2, though this time duration is some-

Fig. 1. (a) A pulse scheme for two-dimensional optical spectroscopy. (b) A schematic picture of the heterodyne-detected three
pulse photon echo experiment. (c) An energy level diagram for the two vibrational mode case.
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times called a “population period” or “diagonal period”.  These
names are adequate only for a one-mode case.

We further assume 

 

T

 

 = 0 to simplify the model.  An exten-
sion to the general three-pulse photon echo experiment with 

 

T

 

≠

 

 0 is feasible.  Each quantum pathway has a corresponding re-
sponse function, expressed as

 

1,18,22

 

:

where the Born–Oppenheimer approximation is employed, and
during the first time interval (

 

t

 

1

 

) the density matrix of the sys-
tem is 

 

ρ

 

kl

 

, and the during the third time interval (

 

t

 

2

 

) the density
matrix is 

 

ρ

 

mn

 

.

 

ανδµ

 

i

 

 is the transition dipole moment associated with the 

 

i

 

-th
pulse, and 

 

s

 

 denotes the signal.  

 

ε

 

 = 1 (–1) when the number of
action of the electromagnetic field to the ket state is even (odd).

The parentheses in Eq. 1, , denote the ensemble average
in the equilibrium states  and can be expanded in terms of the
line shape function, 

 

g

 

kl

 

,

 

mn

 

(

 

t

 

), 

where

The third-order polarization is evaluated by convoluting the re-
sponse function, 

 

i

 

R

 

i

 

(

 

t

 

1

 

, 

 

t

 

2

 

, 

 

t

 

3

 

), with the electromagnetic
fields of the three excitation pulses.  The intensity of the hetero-
dyne-detected signal is proportional to the polarization.

A central issue of the present problem is how to evaluate the
response function, Eq. 1, which consists of three factors: the
transition dipole moment term 

 

εµ

 

1

 

µ

 

2

 

µ

 

3

 

µ

 

s

 

, the oscillating term

Fig. 2. The 20 quantum pathways for two-dimensional vibrational spectroscopy.

Ri
(3)(t1,t2)∝εµ1µ2µ3µs exp (−iωklt1 − iωmnt2)〈

exp


−i

t1Z

0

∆ωkl(τ)dτ − i

t1+t2Z

t1

∆ωmn(τ)dτ




〉
, (1)

ωkl = (Ek − El)/�, (2)

〈· · ·〉

〈
exp


−i

t1Z

0

∆ωkl(τ)dτ− i

t1+t2Z

t1

∆ωmn(τ)dτ




〉

= exp (−gkl,kl(t1)−gmn,mn(t2)+gkl,mn(t1)

+gkl,mn(t2)−gkl,mn(t1 + t2)), (3)

gkl,mn(t) =
Z t

0
dτ1

Z τ1

0
dτ2〈∆ωkl(τ1)∆ωmn(τ2)〉. (4)

P
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or transition frequency term exp (–

 

i

 

ω

 

kl

 

t

 

1

 

 – 

 

i

 

ω

 

mn

 

t

 

2

 

), and the term
of the time correlation function of the transition frequency fluc-
tuations.  In the following sections, we consider these three fac-
tors independently.

 

2.2. Energy Levels and Wavefunctions of Anharmonic
Oscillators.    

 

First, the energy levels and wavefunctions are
obtained for the two-mode case.  Most models for vibrational
dephasing begin with a common perturbation approach to a
solvent–solute interaction.  The vibrational Hamiltonian for a
molecule interacting with a bath is written as,

Here, 

 

H

 

h

 

 + 

 

H

 

anh

 

 is the Hamiltonian for an isolated molecule, 

 

H

 

h

 

is the harmonic part of the Hamiltonian, and 

 

H

 

anh

 

 is an anhar-
monic term,

where we assume a molecule with two vibrational modes
which are coupled by a weakly anharmonic interaction, and 

 

m

 

1

 

(

 

m

 

2

 

) is the reduced mass, 

 

ω

 

1

 

 (

 

ω

 

2

 

) the harmonic frequency, 

 

x

 

1

 

(

 

x

 

2

 

) the displacement from equilibrium internuclear separation,

 

p

 

1

 

 (

 

p

 

2

 

) the momentum conjugated to 

 

x

 

1

 

 (

 

x

 

2

 

) of the mode 1 (2).

 

f

 

ijk

 

 is the cubic anharmonicity.  We ignore the second-order
coupling between the two modes (

 

k

 

12

 

x

 

1

 

x

 

2

 

) since the coordinates
can be expressed so that the second-order coupling is zero.  The
solvent

 

−

 

oscillator interaction (

 

H

 

c

 

(

 

t

 

)) is expanded in the oscilla-
tor coordinates up to the second order,

Madden and Lyden–Bell

 

24

 

 and Oxtoby and Rice

 

25

 

 showed that
the vibrational dephasing is determined by population relax-
ation in the case of a harmonic oscillator with a solvent-solute
interaction up to the first order in the oscillator coordinate.  For
polyatomic molecules in liquids, vibrational dephasing is gen-
erally faster than population relaxation.  Therefore, anharmo-
nicity and the second-order coupling in the solvent-oscillator
interaction are intrinsic in the vibrational dephasing of liquids.

The energy levels and wavefunctions for the harmonic
Hamiltonian are written in the following way:

and 

The wavefunctions for the anharmonic oscillators are ex-
pressed by a linear combination of a  basis set for a harmonic

oscillator,

The usual procedure is to first solve for the eigenstates of

 

H

 

h

 

+

 

H

 

anh

 

 in terms of the eigenstates for a harmonics oscillator
{|

 

ξη

 

>} by treating the anharmonicity as a perturbation.  It
should be noted that the states denoted by 

 

ξ

 

 

 

and 

 

η

 

 correspond
to a harmonic oscillator, but the states denoted by 

 

m

 

 and 

 

n

 

 are
no longer for a harmonic oscillator.  Solving the equation by
first-order perturbation theory, it is found that non-zero coeffi-
cients of 

 

c

 

mn

 

,

 

ξη

 

 are on the order of (

 

γ

 

i

 

3

 

f

 

jkl

 

/

 

ε

 

m

 

), where

 

2.3. Transition Dipole Moments       The optical transition
from the initial state with a wavefunction 

 
Φ

 

mn

 
 to the final state

with a wavefunction 

 

Φ

 

ij

 

 can be described by a transition dipole
moment (

 

µ

 

mn,ij

 

), 

Here, is the dipole transition operator and 

 

µ

 

0

 

ξη

 

,

 

ζθ

 

 is the transi- 
tion dipole for the harmonic approximation.  The additional
term,

 

ξη

 

,

 

ζθ

 

c

 

mn

 

,

 

ξη

 

c

 

*

 

ij

 

,

 

ζθ

 

µ

 

0

 

ξη

 

,

 

ζθ

 

, describes a deviation from the
harmonic approximation due to anharmonicity.  We do not con-
sider here the influence of orientational relaxation on the third-
order polarization.   In order to include the effect, a correlation
function for orientational diffusion should be calculated for the

 

x

 

(3)

 

 tensor elements relevant to isotropic media.

 

2.4. Transition Frequencies       For anharmonic oscillators,
the energy levels of the vibrational states are empirically ex-
pressed as 

The empirical spectroscopic parameters, such as 

 

κ

 

1

 

 or 

 

κ

 

22

 

, are
expressed in terms of the parameters in the Hamiltonian, such
as the cubic anharmonicities.

 

30

 

2.5. Time Correlation Functions.    

 

 The time-dependent
transition frequency between the vibrational states (

 

ν

 

1

 

 = 

 

m

 

, 

 

ν

 

2 

 

=

 

n

 

, abbreviated as (

 

mn

 

)) and (

 

ij

 

) is expressed as 

Here, the eight time-dependent transition frequencies (

 

∆

 

ω

 

ba

 

(

 

t

 

),

 

∆

 

ω

 

ca

 

(

 

t

 

), 

 

∆

 

ω

 

db

 

(

 

t

 

), 

 

∆

 

ω

 

dc

 

(

 

t

 

), 

 

∆

 

ω

 

eb

 

(

 

t

 

), 

 

∆

 

ω

 

ec

 

(

 

t

 

), 

 

∆

 

ω

 

fb

 

(

 

t

 

), and 

 

∆ωfc(t))
must be evaluated.  In order to evaluate the above quantities,
the following matrix element of the time-dependent solvent-os-
cillator interaction should be calculated: 

Htot(t) = Hh +Hanh +Hc(t). (5)

Hh =
1

2m1
p2

1 +
1
2

m1ω2
1 x2

1 +
1

2m2
p2

2 +
1
2

m2ω2
2 x2

2, (6)

Hanh =
1
6

f111x3
1 +

1
6

f112x2
1x2 +

1
6

f122x1x2
2 +

1
6

f222x3
2, (7)

Hc(t)=
∂V
∂x1

∣∣∣∣
x1=x0

1

x1 +
∂V
∂x2

∣∣∣∣
x2=x0

2

x2 +
∂2V

∂x1∂x2

∣∣∣∣
x1=x0

1,x2=x0
2

x1x2

+
∂2V

∂x2
1

∣∣∣∣∣
x1=x0

1

x2
1 +

∂2V

∂x2
2

∣∣∣∣∣
x2=x0

2

x2
2

=F1(t)x1+F2(t)x2+G12(t)x1x2+G11(t)x2
1+G22(t)x2

2. (8)

Hh(ψ1
ξ ψ2

η) = (E2
ξ +E2

η)(ψ1
ξ ψ2

η) (9)

(
1

2m
p2

i +
1
2

miω2
i x2

i

)
ψ i

ξ = Ei
ξ ψ i

ξ . (10)

Φmn =
X

cmn,ξηψ1
ξ ψ2

η . (11)

γi =

√
�

2miωi
and εi = �ωi. (12)

µmn,i j =
〈
Φmn |r̃|Φi j

〉
= µ0

mn,i j +
X

ξη,ζθ

cmn,ξηc∗i j,ζθ µ0
ξη,ζθ . (13)

r̃

P

Emn

�
= κ1

(
m +

1
2

)
+ κ2

(
n +

1
2

)
+ κ11

(
m +

1
2

)2

+κ22

(
n +

1
2

)2
+ κ12

(
m +

1
2

) (
n +

1
2

)
+ . . . . (14)

∆ωmn,i j(t) =
1
�

[Z
drΦ∗mnHc(t)Φmn −

Z
drΦ∗i j Hc(t)Φi j

]

=
1
�

[〈mn|Hc(t)|mn〉 − 〈i j|Hc(t)|i j〉]. (15)

〈mn|Hc(t)|mn〉=
X

ξη,ζθ

c∗mn,ξηcmn,ζθ

Z
dr
(
ψ1

ξ ψ2
η

)∗
Hc(t)

(
ψ1

ζ ψ2
θ

)
.

(16)
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Consequently, 

By using the above equations, the diagonal elements of the
Hamiltonian are estimated as, for example,

Finally, the expressions are obtained for the fluctuations of the
transition frequencies.  One example is 

The other seven expressions for the frequency fluctuations are
given in Appendix.  The time correlation functions of the fre-
quency fluctuations are evaluated, for example, 

Here, we invoke the classical approximation26 and assume the
following relations: 

where the time-correlation functions between Fi(t) and Gii(t) or

Gjj(t) are negligible.  The coefficients for the Gii(t) and Gjj(t)
terms do not contain the anharmonicity constants (f111, f112, f122,
f222).  The coefficients for the Fi(t) terms carry information on
the anharmonicity.  It is interesting to notice that the time-cor-
relation function for the cross term, ∆ωba(t)∆ωca(0)  in Eq.
21 consists of two terms, both of which include the cross an-
harmonicities, f112 or f122.  On the other hand, the time-correla-
tion function for the diagonal term, ∆ωba(t)∆ωba(0) , in Eq.
20, has a term with only the “diagonal” anharmonicity (f111 and
f222).  Considering that the diagonal anharmonicities, f111 and
f222, are normally much greater than the cross anharmonicities,
f112 and f122, for organic molecules, the coefficients in Eq. 21,
such as (4γ6

1γ2
2f111 f122/3

2ε2
1), are much smaller than those in Eq.

20, such as (4γ8
1 f 2

111/ ε2
1).

3. Two-Dimensional Spectrum.

In this chapter we investigate the spectral pattern of the 2D
vibrational spectrum.  Figure 3 is a schematic picture which il-
lustrates the diagonal and off-diagonal (cross) peaks in the 2D
spectrum resulting from the 20 diagrams in Fig. 2.  In this pic-
ture we assume that the four cubic anharmonicities (f111, f112,
f122, and f222) are not zero.  Then, all eight transition frequencies
have different values.  Cross peaks, such as (ωba, –ωca) and
(ωca, –ωba), appear in the spectrum, as we expected for an an-
harmonically-coupled two-mode case.  It should be noticed
that there are, in principle, ten different peaks in the 2D spec-
trum, even for the two-mode case.  Each peak is named with a
capital alphabet.  The numbers in parentheses above the peaks
correspond to the diagrams in Fig. 2.   Each peak has a sign (+
or –) depending on the phase of the polarization.

3.1. Spectral Shape and Intensities of the Peak.    We
discuss the line shape of the 2D spectrum first.  Let us adopt the
Kubo form for all of the time correlation functions of the fre-
quency fluctuations, 

where Dij,kl and τij,kl are the pre-exponential factor and the time
constant of the time-correlation function, respectively.  If the
frequency fluctuation is in the so-called rapid modulation limit,
(Dij,klτij,kl « 1), the line-shape function, gij,kl(t) (Eq. (3)), is equal
to Dij,kl

2τij,klt.  Here, (1/Dij,kl
2τij,kl) is the vibrational dephasing

time, which determines the linewidth of the spectrum.
As an example, we compare the line shape of one diagonal

peak at (ωba, –ωba) with that  of one cross peak at (ωba, –ωca).
From Eq. 3 the fluctuation terms for the diagonal and cross
peaks are expressed as 

If the time-correlation functions of the frequency fluctuations,

〈mn|Hc(t)|mn〉
=
X

ξ ,η

γ1F1(t)
(√

ξ + 1c∗mn,ξ+1ηcmn,ξη +
√

ξc∗mn,ξ−1ηcmn,ξη

)

+ γ2F2(t)
( √

η + 1c∗mn,ξη+1cmn,ξη +
√

ηc∗mn,ξη−1cmn,ξη
)

+ γ1γ2G12(t)
(√

ξ + 1
√

η + 1c∗mn,ξ+1η+1cmn,ξη

+
√

ξ + 1
√

ηc∗mn,ξ+1η−1cmn,ξη

+
√

ξ
√

η + 1c∗mn,ξ−1η+1cmn,ξη

+
√

ξ
√

ηc∗mn,ξ−1η−1cmn,ξη

)
+ γ 2

1 G11(t)
(√

ξ + 1
√

ξ + 2c∗mn,ξ+2ηcmn,ξη

+ (2ξ + 1)c∗mn,ξηcmn,ξη +
√

ξ
√

ξ − 1c∗mn,ξ−2ηcmn,ξη

)
+ γ 2

2 G22(t)
( √

η + 1
√

η + 2c∗mn,ξη+2cmn,ξη

+ (2η+1)c∗mn,ξηcmn,ξη +
√

η
√

η − 1c∗mn,ξη−2cmn,ξη
)
. (17)

〈00|Hc(t)|00〉 =
γ 2

1 F1(t)
ε1

(
γ 2

1 f111 +
1
3

γ 2
2 f122

)

+
γ 2

2 F2(t)
ε2

(
1
3

γ 2
1 f112 + γ 2

2 f222

)

+γ 2
1 G11(t)+ γ 2

2 G22(t). (18)

�∆ωba(t) = 〈10|Hc(t)|10〉 − 〈00|Hc(t)|00〉
=

2γ 4
1 f111

ε1
F1(t) +

2γ 2
1 γ 2

2 f112

3ε2
F2(t) + 2γ 2

1 G11(t). (19)

〈∆ωba(t)∆ωba(0)〉 = 4γ 8
1 f 2

111

�2ε2
1

〈F1(t)F1(0)〉

+
4γ 4

1 γ 4
2 f 2

112

9 �2ε2
2

〈F2(t)F2(0)〉

+4
γ 4

1

�2
〈G11(t)G11(0)〉, (20)

〈∆ωba(t)∆ωca(0)〉 = 〈∆ωca(t)∆ωba(0)〉
=

4γ 6
1 γ 2

2 f111 f122

3 �2ε2
1

〈F1(t)F1(0)〉

+
4γ 2

1 γ 6
2 f112 f222

3 �2ε2
2

〈F2(t)F2(0)〉. (21)

〈Fi(t)Fj(0)〉 � 〈Fi(t)Fi(0)〉 and

〈Gii(t)G j j(0)〉 � 〈Gii(t)Gii(0)〉 if i �= j, (22)

〈 〉

〈 〉

�

�

〈∆ωi j(t)∆ωkl(0)〉 = D2
i j,kl exp (−t/τi j,kl), (23)

〈
exp

{
−i

Z t1

0
∆ωab(τ)dτ − i

Z t1+t2

t1
∆ωba(τ)dτ

}〉

= exp (−2gab,ab(t1)−2gab,ab(t2)+gab,ab(t1 + t2)), (24)

〈
exp

{
−i

Z t1

0
∆ωab(τ)dτ − i

Z t1+t2

t1
∆ωca(τ)dτ

}〉

= exp
(−gab,ab(t1)−gac,ac(t2)−gab,ac(t1)

−gab,ac(t2)+gab,ac(t1 + t2)
)

(25)
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such as ∆ωba(t)∆ωba(0)  or ∆ωca(t)∆ωca(0) , are in the
rapid modulation limit  the cross correlation,  ∆ ω ba ( t ) ∆ ω ca -
(0) , is also in the rapid modulation limit, because the magni-
tudes of the off-diagonal anharmonicities are much smaller
than those of the diagonal ones (see Eq. 20 and 21).  Therefore,
the line-shape functions for the cross correlation in Eq. 25,
–

 

g

 

ab

 

,

 

ac

 

(

 

t

 

1

 

) – 

 

g

 

ab

 

,

 

ac

 

(

 

t

 

2

 

) + 

 

g

 

ab

 

,

 

ac

 

(

 

t

 

1

 

+

 

t

 

2

 

), can be neglected compared
to those for the diagonal terms, –

 

g

 

ab

 

,

 

ab

 

(

 

t

 

1

 

) – 

 

g

 

ac

 

,

 

ac

 

(

 

t

 

2

 

).  Conse-
quently, the time-correlation functions of the cross terms, such
as 

 

∆

 

ω

 

ba

 

(

 

t

 

)

 

∆

 

ω

 

ca

 

(0) , do not contribute to the response func-
tions of all the 20 quantum pathways very much.  Furthermore,
if the fluctuations of the frequencies, 

 

ω

 

ba

 

 and 

 

ω

 

ca

 

, are in the rap-
id modulation limit, the line shape of the cross peak is similar
to that of the diagonal peak, since the fluctuation terms for both
peaks (Eqs. 24 and 25) are almost identical, This fact indicates

that the spectral shapes of the diagonal peak at (

 

ω

 

ba

 

, –

 

ω

 

ba

 

) and
cross peak at (

 

ω

 

ba

 

, –

 

ω

 

ca

 

) are quite similar.
The double-Fourier transform of Eq. 1 can be easily done in

the case of the rapid modulation limit for all frequency fluctua-
tions.  If the time dependencies of all eight time-correlation

functions for the diagonal terms, such as 
 

∆
 

ω
 

ba

 
(

 
t

 
)

 
∆

 
ω

 

ba

 
(0) ,

are similar, the intensities of the peaks in the 2D spectrum are
determined solely by the magnitudes of the transition dipole
moment term (

 

µ

 

1

 

µ

 

2

 

µ

 

3

 

µ

 

s

 

), as can be seen in Eq. 1.  If we adopt
this assumption for simplicity, all of the peaks, except for the
peaks 

 

I

 

 and 

 

E

 

, have almost equal intensities if cancellation of
the peaks does not occur, which is explained in detail in the fol-
lowing section.

 

3.2. Physical Origin of the Cross Peaks.    

 

Peaks 

 

I

 

 and 

 

E

 

result from the fact that the forbidden transitions for the har-
monic oscillator case (

 

b

 

 

 

→ 

 

f

 

 and 

 

c

 

 

 

→ 

 

d

 

) are allowed due to the
presence of anharmonic coupling.  Considering the expressions
for the transition dipole moment and coefficient of 

 

c

 

mn

 

,

 

pq

 

, the
relative intensities of peaks 

 

I

 

 and 

 

E

 

 with respect to those of the
other eight peaks are in the order of (

 

γ

 

i

 

3

 

f

 

jkl

 

/

 

ε

 

m

 

)

 

2

 

.  For ordinary
organic molecules, this quantity is on the order of 10

 

–2

 

, at
most,

 

29

 

 suggesting that peaks 

 

E

 

 and 

 

I

 

 are negligibly small com-
pared to the diagonal peaks.  Moreover, the optical transitions
(

 

b

 

 

 

→ 

 

f

 

 and 

 

c

 

 

 

→ 

 

d

 

) are allowed even the off-diagonal anharmo-
nicities (

 

f

 

112

 

 and 

 

f

 

122

 

) are zero, if the diagonal anharmonicities
(

 

f

 

111

 

 and 

 

f

 

222

 

) have finite values.  Therefore, the peaks 

 

E

 

 and 

 

I

 

are not “proper monitors” to investigate the vibrational correla-
tion.

Let us consider the other eight peaks.  These eight peaks are
categorized into four groups; (

 

A

 

 and 

 

C

 

), (

 

F

 

 and 

 

J

 

), (

 

G

 

 and 

 

H

 

),
and (

 

B

 

 and 

 

D

 

).  Two groups, (

 

B

 

 and 

 

D

 

) and (

 

G

 

 and 

 

H

 

), disap-
pear if the off-diagonal anharmonicities are zero, because the

Fig. 3. A schematic picture of the two-dimensional vibrational spectrum for the two vibrational mode case. Each peak is named
with a capital alphabet. Numbers in parentheses above the peaks correspond to the diagram in Fig. 2. A sign of the peaks A, B,
F, and G (indicated with a dark color) is plus, and that of the peaks C, D, E, H, I, and J (indicated with a light color) is minus.
A diagonal line is shown for eye guidance.

〈 〉 〈 〉
〈

〉

〈 〉

〈
exp

{
−i

Z t1

0
∆ωab(τ)dτ − i

Z t1+t2

t1
∆ωba(τ)dτ

}〉

≈
〈

exp

{
−i

Z t1

0
∆ωab(τ)dτ− i

Z t1+t2

t1
∆ωca(τ)dτ

}〉

= exp
(
−D2

ba,baτba,bat1 −D2
ca,caτca,cat2

)
. (26)

〈 〉
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corresponding transition frequencies become equal, 

 

ω

 

ca

 

 = 

 

ω

 

eb

 

and 

 

ω

 

ba

 

 = 

 

ω

 

ec

 

, and the peaks have almost equal intensities with
opposite signs.  In other words, the quantum pathways for the 

 

B

 

and 

 

D

 

 peaks destructively interfere with each other if the off-
diagonal anharmonicities are zero.  This cancellation of peaks

 

B

 

 and 

 

D

 

 is illustrated in Fig. 4.  If the anharmonic splitting 

 

δ

 

 (=
|

 

ω

 

ca

 

 – 

 

ω

 

eb

 

|) is large enough compared to the linewidth of the
peak 

 

∆

 

ν

 

, the peaks 

 

B

 

 and 

 

D

 

 are well separated, as shown in
Figs. 4 (a) and (b).  However, if 

 

δ

 

 « 

 

∆

 

ν

 

, the two peaks cancels
out each other, and the intensity of the resulting peak becomes
small ((c) and (d) in Fig. 4).  Therefore, the linewidth of the
peak as well as the anharmonicity is important for the appear-
ance of the cross peaks (

 

B

 

 and 

 

D

 

) and (

 

G

 

 and 

 

H

 

).  It can be con-
cluded that, different from the peaks 

 

E

 

 and 

 

I

 

, the cross peaks (

 

B

 

and 

 

D

 

) and (

 

G

 

 and 

 

H

 

) carry information about the correlation
between the two modes.  The other two groups of diagonal
peaks (

 

A

 

 and 

 

C

 

) and (

 

F

 

 and 

 

J

 

) disappear due to destructive in-
terference if the corresponding diagonal anharmonicity is zero.
In the case that the two modes are harmonic, no peaks are ob-
served in the spectrum.

 

Summary

 

We have theoretically investigated the two-dimensional
(2D) vibrational spectra for a two-mode system in terms of a
diagrammatic approach.  The two vibrational modes are cou-
pled by cubic anharmonicities.  The perturbed stationary states
are obtained by treating the cubic anharmonicity as a perturba-
tion, and expressions for the third-order response functions are
derived.  A physical origin of the cross peaks in the 2D spec-
trum is discussed.  There are two different types of cross peaks.
One of them results from the anharmonic coupling, carrying
information on the vibrational correlation.  The vibrational

dephasing time is also important for the appearance of the
cross peaks.  The intensity of the cross peak is almost the same
as that of the diagonal peak if the linewidth of the peak is suffi-
ciently small compared to the anharmonic splitting.

 

Appendix

 

The other seven expressions for the fluctuations of the transition
frequencies are as follows:  

Fig. 4. A schematic picture to illustrate appearance of the cross peaks in the two-dimensional vibrational spectrum. δ and ∆ν
are the anharmonic splitting and linewidth, respectively. See text in detail.

�∆ωca(t) = 〈01|Hc(t)|01〉 − 〈00|Hc(t)|00〉
=

2γ 2
1 γ 2

2 f122

3ε1
F1(t) +

2γ 4
2 f222

ε2
F2(t) + 2γ 2

2 G22(t),

(a.1)

�∆ωeb(t) = 〈11|Hc(t)|11〉 − 〈10|Hc(t)|10〉
= �∆ω f c(t) = 〈02|Hc(t)|02〉 − 〈01|Hc(t)|01〉
=

2F1(t)
3ε1

γ 2
1 γ 2

2 f122 +
2F2(t)

ε2
γ 4

2 f222 + 2γ 2
2 G22(t),

(a.2)

�∆ωdb(t) = 〈20|Hc(t)|20〉 − 〈10|Hc(t)|10〉
= �∆ωec(t) = 〈11|Hc(t)|11〉 − 〈01|Hc(t)|01〉
=

2F1(t)
ε1

γ 4
1 f111 +

2F2(t)
3ε2

γ 2
1 γ 2

2 f112 + 2γ 2
1 G11(t),

(a.3)

�∆ω f b(t) = 〈02|Hc(t)|02〉 − 〈10|Hc(t)|10〉

=
2γ 2

1 F1(t)

3ε1

(
−3γ 2

1 f111 + 2γ 2
2 f122

)

+
2γ 2

2 F2(t)

3ε2

(
−γ 2

1 f112 + 6γ 2
2 f222

)

−2γ 2
1 G11(t) + 4γ 2

2 G22(t), (a.4)
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